Modulated disturbances are often produced by noise sources in rotating machinery such as gears, bearings and fans. Such disturbances carry frequency side-bands, which interact with the main components (such as gear mesh or blade passage frequencies and their harmonics) to influence the perception of sound. Traditional active control schemes tend to attenuate the mean-squared error, while yielding a residual spectrum with more dominant side-band structures that could degrade sound quality. In this paper, we study the side-band phenomenon by applying active control to amplitude or frequency modulated sounds in a duct. An attempt is first made to attenuate these sounds using the conventional FX-LMS algorithm. This algorithm creates a residual noise spectrum where frequency side-bands become more prevalent. Next, the narrowband adaptive noise equalizer (ANE) is employed since it allows independent gain control at each disturbance frequency known a priori, even if they are closely spaced. The ANE algorithm is based on the adaptive notch filter concept, and thus complete cancellation at all disturbance frequencies is also possible. Indeed, superior control of the residual spectral shape is observed. A few areas of research that could make improvements to available algorithms, in the context of modulated noise disturbances, are suggested. © 2005 Institute of Noise Control Engineering.
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INTRODUCTION
In most active noise control (ANC) applications, complete cancellation of the disturbance field is not possible and the residual noise spectrum may have an undesirable shape. This is often the case when the total mean-squared error is minimized, such as in the Filtered-X LMS (FX-LMS) algorithm that was originally proposed by Morgan 1 and Widrow et al 2 . It was first used specifically for ANC by Burgess 3 and today the FX-LMS algorithm is widely used in practical ANC applications. 4 The time domain narrowband adaptive noise equalizer (ANE), based on the adaptive notch filter concept 5 , was first introduced by Ji and Kuo 6, 7, 8 as a method to adjust the amplitudes of harmonic components in a periodic disturbance. Diego et al. 9 , suggested a modification to the error feedback structure which enables independent gain control of neighboring frequencies in a disturbance spectrum. This modification makes the ANE more useful for controlling quasi-periodic disturbances. An analytical and experimental comparison between the original and modified ANE are presented in Diego et al 10 . In this article, we investigate the applicability of the FX-LMS and ANE 9 algorithms to active control of modulated sounds where the frequency components are not harmonically related and may be closely spaced.
Modulated noise disturbances are often perceived as coarse and unpleasant due to their time-varying envelope. Such disturbances are generated through vibro-acoustic interactions in rotating machinery applications. Figure  1 (upper plot) illustrates the envelope variation of an amplitude modulated (AM) signal. Modulation phenomena can also
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be recognized by side-bands in the frequency domain, as shown in the lower plot. Such disturbances are of significant concern for manufacturers of consumer products (automobiles, power tools, household appliances, etc.) due to their impact on perceived operation and sound quality. 11 Modulated noise is also associated with the non-ideal functioning of rotating machines; for this reason side-bands are carefully scrutinized in the machinery diagnostics field for health monitoring purposes. 12 Typically the gear mesh, blade passage or the like (designated as the carrier frequencies in this article) are the primary concern and thus the side-band structures that exist within the vibration or sound spectra are not specifically targeted by active control algorithms. For example, Guan et al. 13 developed a system, based on a variant of the FX-LMS algorithm, to attenuate the vibration response of a gearbox at harmonics of the gear mesh frequency (frequency of gear tooth contact). Significant attenuation was achieved at the targeted mesh frequency harmonics, but the modulation sideband structures around these frequencies were significantly augmented. To the best of our knowledge, only one publication, written by Mucci and Singh 14 , has specifically addressed the modulated ANC problem. They examined the feasibility of canceling amplitude modulated or frequency modulated (FM) vibration disturbances applied to a structural beam. The basic premise behind studying these disturbances was that the complex spectra produced by geared systems could be synthesized by an appropriate combination of AM and FM functions. A single-input, single-output (SISO) control system was implemented to attenuate the mean-squared acceleration using the FX-LMS algorithm. Their results included attenuation at all frequencies in both the AM and FM spectra. However, the carrier frequencies were attenuated more significantly and the residual error contained frequency side-bands comparable to or greater in magnitude than the carrier components. In this article, we study the side-band phenomenon by applying active control to synthesized AM or FM sounds in a duct. We implement the FX-LMS algorithm to replicate the phenomenon observed by Mucci and Singh
14
. We then implement the ANE to show its ability to arbitrarily shape the disturbance spectra or achieve complete cancellation.
PROBLEM FORMULATION
This article compares the steady state results of implementing the FX-LMS and the ANE algorithms for modulated disturbances. Past research 14 has shown the FX-LMS algorithm to converge to a biased frequency spectrum when modulation side-bands are present. The algorithm is widely used in ANC applications; however in the presence of modulated disturbances it may have undesirable subjective effects. The ANE 9 allows independent control of closely spaced frequency components, and may be a viable alternative to the FX-LMS algorithm for control of modulated disturbances. To evaluate this hypothesis, both algorithms are implemented using an acoustic duct experiment where control may be applied to either resonant or off-resonant regimes. Specifically our objectives are to: 1. Show the modulation effects, in time and frequency domain, of implementing the FX-LMS algorithm. 2. Examine the applicability of the ANE for canceling and reshaping of modulated sound spectra. The scope of the study is limited to SISO control for the sake of simplicity. Similar to Mucci and Singh 14 , the disturbances are generated using simple AM and FM functions. The AM disturbances are of the following form, where F is the vibro-acoustic signal, Ω c and Ω m are the carrier and modulation frequencies (rad/s) and t is the time (s).
The trigonometric expansion highlights the presence of three frequency components in the spectrum of the AM disturbance; these are the carrier frequency and two side-bands at plus and minus the modulation frequency. Using the same notation, the FM function is written as 
The expansion shows that this disturbance has an infinite number of side-bands surrounding the carrier frequency component at integer multiples of the modulation frequency. The amplitude of the signal components are controlled by J p (ϕ m ); this is the Bessel function of the first kind of order p, where the argument is the modulation index, ϕ m . For the present study, the modulation index is set at unity.
EXPERIMENTAL SYSTEM

A. Duct Geometry and Characteristics
A duct system is used to implement ANC on plane wave noise disturbances facilitating the use of SISO control schemes. The duct environment with three acoustic cavities is shown in Figure 2 . The center cavity is the duct where the disturbance and control sound fields interact. At the rear and top of the main duct are enclosures to house the disturbance speaker and control speaker, respectively. These enclosures are identical and serve to improve the low frequency response of the speakers. The main duct is closed at both ends to minimize contamination from the surrounding environment. The width and height of the acoustic duct are both 0.140 m and the first transverse natural frequency is 1224 Hz, as measured. The length of the duct was chosen based on spacing of the longitudinal modes in the frequency domain. It is undesirable to have significant Fig. 2 -Acoustic duct DAC; thus the first spectral image does not influence the sound field in the duct. Higher order images are also insignificant due to the natural low-pass characteristic of the physical system.
APPLICATION OF THE FILTERED-X LMS ALGORITHM TO MODULATED DISTURBANCES
The oversampled FX-LMS based control system is illustrated in Figure 4 . In the figure, the interpolation and decimation blocks change the sampling rate between f s (associated with the sampling index n) and f c (associated with the sampling index m), each introduce 1.65 milliseconds of delay. Here, x[m] is the reference signal, which is generated from either the AM or FM function in equations (1) or (2) To better clarify the elements of the control path, Figure  5 shows the FX-LMS system rearranged into the standard form 4 . In the figure, P(z) is the discrete primary path transfer function. The output of the primary path is the disturbance signal, d[m], which can be measured directly in the absence of a control signal. The control path consists of the interpolation block, the Z s (s), H s (s), and M(s) blocks, the ADC, and finally the decimation block. Off-line system identification is done to construct the control path estimate, Ĉ (z), which consists of a 49 sample delay together with a 21 st order IIR filter. This model is accurate to within two degrees of the measured control path phase response in the frequency range 40 -850 Hz. The coefficients of the adaptive filter, W(z), are updated by the standard FX-LMS equation,
such that the mean-squared error is minimized. In ( modal overlap since modulated disturbances would excite more than one mode, unnecessarily complicating the sound pressure spectra. Consequently, wide spacing between modes is preferred and accomplished by making the duct relatively short. Unfortunately, a short duct reduces the amount of time available for processing in feed-forward control systems. Also, a short duct forces the microphone to be positioned in the near field of the speakers which cannot be controlled effectively with a SISO system. Considering the tradeoff, the duct length is selected as 0.686 m and the first four measured plane wave natural frequencies are 256, 499, 740.5, and 976 Hz.
B. Instrumentation and Hardware
A schematic of the ANC hardware and instrumentation is shown in Figure 3 . The speakers chosen for disturbance and control sources are Dynaudio model MW160. These are 0.17 m (cone diameter) speakers with virtually flat frequency response and very low harmonic distortion in the range from 55 Hz to 3.5 kHz. The speakers are driven by an Elecro-Voice highfidelity amplifier. A PCB microphone, preamplifier and signal conditioner are used to sense the pressure signal at the end of the duct. The dSPACE DS1104 controller board is utilized to interface with the transducer signals and implement control algorithms in real-time. This controller board connects to a PC via the PCI slot on the motherboard. Algorithms are developed in Simulink and then compiled into assembly language. The assembly code is then sent to flash memory onboard the DS1104 controller board for implementation. The DS1104 utilizes a 250 MHz CPU to run the program in real-time. The controller board interfaces with the analog transducer signals via 16-bit analog-to-digital converters (ADCs) and digital-toanalog convertors (DACs).
C. Oversampling Scheme
An oversampling scheme is employed as an alternative to analog anti-aliasing and reconstruction filters. The sampling rate, f s , is 20,000 Hz and the control rate, f c , is 2500 Hz. Decimation and interpolation are each implemented in two stages using polyphase structures to minimize filter order and computational burden, respectively. 15 The sampling rate places the first spectral image in the range from 18,775 to 20,000 Hz (corresponding to the baseband 0 to 1225 Hz). This range is greatly attenuated by the action of the zero-order-hold in the
the step size and x ' [m] is the filtered reference signal vector constructed from M delayed samples of
In this system the reference and disturbance signals have identical frequency content, since the primary path is linear and time-invariant. In a real application, the reference signal could be measured or internally generated. A measured reference signal, say from an accelerometer measurement of the radiating structure, would permit control to be applied without prior knowledge of the disturbance frequencies. Some noise contamination is inevitable when using a measured reference, which reduces the cancellation performance. 4 However, in rotating machines modulation processes could have predictable frequency components, which should allow a coherent reference signal to be synthesized. For example, in a gearbox application the gear mesh (carrier) frequency and shaft order (modulation) frequencies are all kinematically related. Therefore the reference signal could be generated 'on the fly' using a tachometer measurement of any rotating part in the system.
11,12
The magnitude frequency responses of the primary path and control path transfer functions are shown in Figure 6 , where the first four plane wave modes are distinct. Note that Δf is the frequency resolution (Hz) or spacing between frequency bins in the discrete Fourier transform. Past researchers have observed that on-resonance disturbances are predisposed to cancellation using the FX-LMS algorithm.
14 Accordingly, control results are provided for two disturbance cases. In 
Case 1, the AM and FM disturbances have carrier frequencies corresponding to the first natural frequency of the duct at 256 Hz. In Case 2, results are presented where the first side-band (higher in frequency than the carrier) excites the first natural frequency. The modulation frequency is set at 15 Hz for all results, so the disturbances tend to excite only the first mode. For AM disturbances, an adaptive filter with six taps is used, under the premise that only two filter taps are necessary for each sinusoidal reference frequency. For FM disturbances, a 14 tap filter is employed since the reference signal only has appreciable amplitude at the carrier frequency and first three side-band pairs. Subsequently, a parametric study is done to examine the effect of increased filter size on the residual error. The step size is selected conservatively, μ = 0.01, compared to the maximum value for stability 4 , since we are not interested in tracking or optimizing the convergence time. Moreover, we aim to minimize the effect of gradient estimation noise 16 to observe the minimum mean-squared error for all cases.
A. Case 1 (AM and FM) Figure 7 shows the result of using the FX-LMS algorithm to attenuate the AM Case 1 disturbance, for which the carrier frequency corresponds to the first plane wave natural frequency of the duct (256 Hz). In the uncontrolled state, the carrier frequency is approximately 10 dB higher than the two sidebands in the disturbance spectrum. After control is applied, all frequency components are diminished. However the carrier is attenuated more significantly and becomes 30 dB lower than the side-band structures in the residual spectrum. The time-history effects from control can be seen in Figure 8 . The peak amplitude of the disturbance is lessened; nevertheless, the beating phenomenon of the modulation envelope is now more distinct.
The results from the FM Case 1 disturbance are shown in Figure 9 . There is a countably infinite set of side-bands in the disturbance spectrum at integer multiples of 15 Hz from the carrier frequency. However, the Figure shows only the sidebands with appreciable amplitudes in the range from 211 to 301 Hz. The disturbance is attenuated at all frequencies in this range, but again the control is most effective at the carrier frequency (corresponding the natural frequency of the duct). Also, it should be noted that the further the side-bands are away from the carrier, the less they are attenuated by the controller. The time-history plots in Figure 9 show that the modulation envelope becomes more apparent after control is applied. 
Fig. 8 -Control of the AM Case 1 disturbance using the FX-LMS algorithm-Time history
B. Case 2 (AM and FM)
The AM disturbance results for Case 2 are presented in Figure 11 , where the upper side-band frequency equals the first plane wave natural frequency (256 Hz) of the duct. As a result its amplitude is comparable to the carrier frequency in the disturbance spectrum. However, the carrier frequency is attenuated most by the controller, while the side-bands are reduced to equal amplitudes. The upper side-band receives significantly more attenuation than the lower side-band and the overall attenuation is less than the Case 1 disturbance. The time-history plots in Figure 12 show that the modulation envelope is apparent both before and after control, but its characteristics are different.
The FM results for Case 2 are shown in Figure 13 . The first upper side-band corresponds to the duct natural frequency (256 Hz) and so its amplitude is comparable to the carrier component. Unlike the previous cases, the residual pressure spectrum is highly asymmetric and the first upper sideband receives more attenuation than the carrier frequency (241 Hz). Also, all upper side-bands are attenuated more than the respective lower side-bands, possibly because they are closer to the resonance. Figure 14 shows the time history for this case, where after control the modulation envelope has an irregular pattern of both small and large envelope variations.
C. Parametric Study of Filter Size
In Cases 1 and 2, the FX-LMS algorithm converges to a biased solution where side-bands tend to dominate the residual 
Fig. 10 -Control of the FM Case 1 disturbance using the FX-LMS algorithm-Time history
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Fig. 12 -Control of the AM Case 2 disturbance using the FX-LMS algorithm-Time history
error spectrum. One explanation might be that the filter sizes are two small to accurately model the plant dynamics in the disturbance frequency band. Here we repeat Case 1 for the AM disturbance and iterate the filter size. Figure 15 shows the residual sound pressure level for the three frequency components and the overall mean-squared error for filter sizes in the range from 6 to 20 taps. As filter order is increased up to 16 taps, the side-bands and the mean-squared error get smaller, while the carrier frequency level increases. However, after 16 taps all frequencies increase in error. At the optimal value of 16 taps, the side-bands are still about 10 dB higher in amplitude than the carrier frequency. Alternatively, this data can be presented from the standpoint of insertion loss (IL) as in Figure 16 . The IL is defined as the difference between sound pressure level before and after control. The plot shows that for all filter sizes the IL is greatest at the fundamental frequency. At the optimum value of 16 taps the carrier and side-band insertion losses differ by about 21 dB. Thus even when the filter size is optimized for mean-squared attenuation, the FX-LMS algorithm converges to a biased spectrum.
APPLICATION OF THE ANE TO MODULATED DISTURBANCES
A schematic of the single-frequency adaptive noise equalizer (SFANE), developed by Ji and Kuo 6, 7, 8 , is shown in Figure 17 . Similar to the FX-LMS experiment, F AM (t) or F FM (t) is discretized and sent through the primary path, P(z), to generate the disturbance signal, d [m] . However, the reference signal is an internally generated cosine wave denoted as x 0 [m]. In practical applications the reference signal generator 
Fig. 14 -Control of the FM Case 2 disturbance using the FX-LMS algorithm-Time history
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Fig. 16 -Effect of filter size on insertion loss in the FX-LMS algorithm
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should be synchronized to the disturbance frequency using a tachometer, for example. The operation of the SFANE is as follows. The reference signal, 
Thus the pseudo-error signal can be fed back to the FX-LMS algorithm and the β parameter will not affect its performance. In the steady-state, the pseudo-error signal is driven to zero at the reference frequency, ω x (rad/sam), by the FX-LMS algorithm.
In ( (ω x ), D(ω x ), C(ω x ) and Y ss (ω x ) are the discrete-time Fourier transforms (DTFTs) of the steady-state pseudo-error, disturbance, control path impulse response, and steady-state control signal evaluated at the reference frequency. Using (8) and the DTFT of (5) Equation (9) shows that the β parameter is a linear gain for the closed loop system from the disturbance to error at the reference frequency. Depending on the choice of the β parameter, the single frequency ANE can cancel, attenuate, maintain, or augment the disturbance at the reference frequency. Diego et al. 9 developed a method to combine multiple SFANE structures such that the gains at each reference frequency are independent, as illustrated in Figure 18 . The outputs of each SFANE add to the disturbance to form the error signal,
In (10), the subscript k denotes a parameter of the k th SFANE in the system. Each SFANE operates on a different internally generated reference signal, x 0,k [m], but receive the same pseudo-error signal, e ' [m], where
Plugging (10) into (11) shows that the pseudo error signal is unaffected by the output weighting and takes the form of the error signal in a parallel network of notch filters, Further analysis of the multi-frequency ANE can be found in reference 10.
A. Case 1 and 2 Results (AM and FM)
For the AM signals, K = 3, such that the three disturbance frequencies can be controlled. In the FM case, K = 7, and the carrier frequency plus the 3 closest sets of sidebands are targeted. The step sizes for the adaptive filters (updated with the FX-LMS control law) in each SFANE are set at 0.01. Figure 19 through 22 show the results for both Case 1 and 2 disturbances with the ANE in cancellation mode (β k =0, for all k). For all cases the ANE completely cancels the disturbances, unlike the standard FX-LMS algorithm discussed in the previous section. This result shows that the presence of frequency side-bands does not significantly influence the action of the ANE. Figure 23 illustrates the ability of the ANE to independently and arbitrarily control the amplitudes of the components in a noise disturbance. The AM Case 1 is chosen as an example. Here the equalizer is set to cancel the side-bands, β 1,3 = 0, and to double the amplitude of the carrier frequency, β 2 = 2. The residual error spectrum shows that the carrier frequency does in fact double in amplitude, while the side-bands are eliminated. This would be practical in the case where audible information was necessary, say for the sake of safety around a rotating machine. Figure 24 shows the effect of this equalizer setting in the time domain. Notice that the control has eliminated variation in the time domain envelope and the residual error contains only a pure tone.
B. Spectral Shaping Using ANE
CONCLUSION
Modulated disturbances are commonly produced by rotating noise sources such as gears, bearing, and fans. These disturbances are typically identified by frequency side-bands about the primary spectral components. The presence of sidebands often leads to a time-varying envelope (including the beating type) which is generally perceived as objectionable by a human observer. The results of implementing alternate ANC algorithms on modulated sounds have been presented, in the context of an experimental duct system. The FX-LMS algorithm is first implemented as a benchmark case, while the ANE is presented as a viable alternative. The FX-LMS algorithm significantly reduced the total amplitude of both AM and FM disturbances, but the side-band structures tended to dominate the residual spectra. Frequency components in proximity of the system resonance also received more attenuation. Subsequently, the ANE, used in the cancellation mode, is found to completely attenuate all frequency components for all cases of AM and FM disturbances. Additionally, this algorithm was used to shape the error spectrum of an AM disturbance to eliminate the beating phenomenon associated with the sidebands.
The results showed that the ANE has two key advantages over the FX-LMS algorithm for controlling modulated disturbances. First, complete cancellation of the carrier frequency and side-bands is possible. Second, it allows precise amplitude control over individual frequency components and so side-bands may be eliminated from a noise disturbance, while retaining some residual noise. However, the ANE requires that a separate reference signal is provided for each disturbance frequency. This might be practical in some situations, but would require prior knowledge of the carrier frequency (for example, a tachometer signal) and kinematic relationships between machine parts to predict the side-band frequencies. The FX-LMS algorithm, on the other hand, can operate on a measured reference signal without knowledge of the specific disturbance frequencies.
Our investigation shows that several interesting research studies are warranted. For example, one might analyze the optimal control studies, implemented in the frequency domain, to understand why the FX-LMS algorithm produces biased residual error spectra for AM and FM disturbances. One could examine the possibility of weighting side-bands in the FX-LMS algorithm; this may, however, require an alternate representation. Further developments to the ANE concept could include a more refined frequency domain based algorithm that would be applicable to a broader class of quasi-periodic disturbances. This algorithm might utilize concepts similar to the frequency domain periodic noise equalizer developed by Kuo et al. 17 . A frequency domain controller would have the advantage of lower computational effort. Finally, such algorithms should be implemented in practical systems (including geared systems) where more complicated side-band structures are found as simple AM or FM modulation theories may not explain the real-life noise or vibration signals. 12 
